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ABSTRACT
This paper presents a transform coding technique for non-rectangular
2-D signals by extending the signal into a rectangular block in order
to enable conventional block-based transform coding. The technique
could be suitable for coding residuals of prediction blocks using ge-
ometric partitioning which has been adopted into the draft Versatile
Video Coding standard. The extension of the non-rectangular signal
is found using a sparse solution set generated by applying Orthog-
onal Matching Pursuits using partitioned transform bases. The
method developed in this paper is based on Discrete Cosine Trans-
form. Results achieved in an experimental setup outside of the video
coding loop are presented for signals of triangular and trapezoidal
shape in comparison to the shape-adaptive DCT. Encouraging gains
are observed specifically for larger block sizes and in dependency of
the quantization parameter and the partitioning shape.

Index Terms— Non-rectangular Signal Coding, Orthogonal Match-
ing Pursuit, DCT, Hybrid Video Coding, VVC.

1. INTRODUCTION

Traditionally, video coding schemes apply transform coding to
square or rectangular blocks [1], [2]. Recently, a new partition-
ing technique for motion compensation called Geometric Motion
Partitioning (GMP) [3] was adopted into the draft of the emerging
Versatile Video Coding (VVC) standard [4], which generates non-
rectangular residuals. The draft VVC specification does not consider
dedicated transform coding techniques for such signals.
In MPEG-4 Visual [5], coding of arbitrarily shaped objects was
specified and the shape-adaptive DCT (SADCT [6]) was adopted to
transform the arbitrarily shaped residual signals. Such techniques
could be used for coding non-rectangular residuals. SADCT by
concept generates the same number of transform coefficients as
the number of pixels in the arbitrarily shaped signal. In SADCT,
after applying the vertical transformation, the coefficients grouped
together for horizontal transformation are not necessarily highly cor-
related because they represent basis functions sampled at very dif-
ferent positions due to different signal length. For a non-rectangular
signal with large range of signal lengths, this could lead to spreading
in frequency domain due to non-optimal transformation. After quan-
tization, many of these coefficients are lost which compromises the
quality of reconstructed signal. In terms of implementation and stan-
dardization, adopting the SADCT further requires the specification
of a separate transform coding process including the application of
DCT bases of arbitrary length. This unfavorable complexity burden
motivates to investigate a transformation method which allows to
keep the core transformation block intact, and which is efficient in a
rate-distortion (RD) sense. SA-KLT [7], Gilge orthogonal transform
[8], Graph Fourier Transform [9],[10] are few techniques to code
non-rectangular signal which requires change in core transformation
block. Extending the non-rectangular block to a regular shape with
an optimum extension would enable the application of rectangular

residual transforms and thereby require only minimum changes in
the decoder implementation. The signal can be recovered using
regular inverse transform and discarding the extension at the de-
coder. A releated concept of using sparse coding to optimally fill up
“don’t care” regions in the spatial domain is proposed in context of
encoding 3D planar models [11].
The most primitive extension would be using zero or mean value,
but both create strong boundary effects which are costly in trans-
form coding. Low Pass Extrapolation (LPE) [12] and Projection
Onto Convex Sets (POCS) [13] are relaxation techniques to find an
extension while keeping the original signal intact. These methods
do not guarantee low numbers of non-zero transform coefficients.
Extension Interpolation (EI) [14] and Smart padding [15] are ex-
tension methods where either the original signal or their locations
are changed. For EI an inverse algorithm is to be implemented
to recover the signal and both are only optimum for a 1-D signal.
In this paper, the application Orthogonal Matching Pursuit [16] is
investigated. The remainder of the paper is structured as follows:
Section 2 describes an extension algorithm using a sparse coding
concept, Section 3 describes and discusses the experimental result,
and Section 4 concludes the paper.

2. EXTENSION TECHNIQUE

An extension algorithm is constructed in this paper with a primary
goal of more energy compaction by generating fewer non-zero trans-
form coefficients to save rate. This algorithm is based on DCT be-
cause this basis system is most commonly used for signal transfor-
mation in video coding. For non-rectangular signals, the partitioned
cosine basis-system can be expected to be able to represent the signal
with few non-zero coefficients. For use in the following discussion,
two regions R1 and R2 are defined by partitioning one rectangular
block with a line, where R1 is the region consisting of the signal to
be transformed and R2 is the extension region. If R1 of the cosine
bases are used to represent the signal and the extension is found by
using R2 of the contributing bases, the regular transform coefficients
of the extended signal will also be sparse. The R1 of the bases is not
orthogonal and spans an overcomplete system which leads to many
possible representations. A method to code irregular objects using
R1 region of the bases is called Successive Approximation [17]. It
follows a greedy strategy to approximate the signal. The underlying
theory is the same as the Matching Pursuit (MP) [18] algorithm. An
improved version of MP, called orthogonal Matching Pursuit (OMP)
[16] is adopted in this paper to find the sparse solution. OMP is
capable of representing the signal with fewer coefficients than MP
[19]. Figure 1 presents an overview of the constructed algorithm.

2.1. Dictionary Construction

The segment in region R1 of a rectangular block S of length M×N
is to be coded and presented by matrix SR1 of length M ×N which
have zeroes in region R2. The number of pixels in region R1 is NR1 .
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Fig. 1. Algorithm Overview

The general two-dimensional separable transformation of a block S
is C = TMSTT

N , where TM and TN are transformation matrices
for signal length M and N respectively. The one-dimensional map-
ping of this transformation is c = TKrons, where TKron = TM⊗TN

is the Kronecker product of TM and TN while s and c are vectors
generated by concatenating the rows of S and C respectively, fol-
lowed by a transpose operation. Let ti,M and tj,N be base vectors
of TM and TN receptively. Then each row of TKron represents one
two-dimensional DCT base tTi,Mtj,N . sR1 is the one-dimensional
mapping of signal in region R1, which is constructed by removing
those values from s which corresponds to region R2. Those columns
of TKron, which represent the bases in R2 region, are removed as well
and the rows are normalized to generate a set of vectors {ai}. These
normalized vectors are called atoms, and the set {ai} is called the
dictionary. A is the matrix of length NR1 × MN which contains
the vectors of set {ai} as columns. A vector x of length MN is to
be found to represent the signal sR1 using the columns of A which
takes the form of an under-determined linear equation system

sR1 = Ax. (1)

The solution of (1) is subjected to an optimization function of x.
Conceptually, the least squares solution of x can be found by using
the pseudo inverse of A to determine x as x = AT(AAT )−1.
However, the goal here is to achieve energy compaction which is
achieved by �0 sparsity. Finding the sparse solution of an under-
determined equation is an NP-hard problem. There are several
greedy algorithms and relaxation techniques available [20][21],
which are practical solutions and work well under particular circum-
stances. A greedy algorithm tries to approximate the signal with
local optimum in each iteration to reach a sparse x. The convex
relaxation technique tries to find a vector x in each iteration which
would minimize a convex function which is defined by the �1 norm
of x. It is noted that such relaxation techniques are usually com-
putationally costly. Orthogonal Matching Pursuit (OMP) [16], one
variation of greedy algorithm with less computational complexity, is
adopted in this paper.

2.1.1. Dictionary Characteristics

The chosen dictionary is the most important component for the
success of greedy algorithms. Only dictionaries generated using
partitioned cosine bases are studied here. The block size to extend
a non-rectangular segment could be defined by the rectangle with
minimum length required to cover the non-rectangular signal. This
allows only diagonal partitioning to generate a triangular R1, other
partitioning would generate a trapezoidal R1. The triangular R1 is
one of the most difficult cases to handle, because this kind of R1

contains most variation of signal lengths inside a block and the ratio
of pixels in R2 to R1 is higher than for other shapes.
In this paper, exemplary block-lengths are of the form 2N for N = 2,

3, 4 and 5 are studied, as these have direct application in the context
of video coding. The region left to the anti-diagonal partitioning of
a block is used here to define a triangular R1. Due to symmetric
property, this region is assumed to have similar behavior as other
triangular R1 regions. A trapezoidal R1 is also constructed with an
equidistant line from anti-diagonal and bottom-right corner point for
experiments.
Some properties of the dictionary, which are expected to influ-
ence the success of pursuit algorithm, are discussed here. Inter-
dependency between the atoms is most likely to drive the pursuit
path towards a wrong solution set. The absolute value of the cor-
relation between these atoms has been investigated for triangular
and trapezoidal R1 and square blocks of lengths 4, 8, 16. For all
the cases, a high dependency is found between one atom with its
immediate vertical and horizontal neighbors. This quantity is lower
for trapezoidal R1. N (x) is such a neighborhood for a coefficient
x shown in Figure 3-a. For few high frequency cases and larger
blocks, this high inter-dependency pattern is also found once more
for the elements in N (x). Then this dependency decays through the
diagonal of these neighbors. It is also found that for the 4× 4 block
more part of the dictionary is inter-dependent.
Coherence is the most fundamental property of a dictionary to assess
the performance of sparse coding [20]. This quantifies the maxi-
mum correlation between vectors of a given dictionary defined by
μ(A) = max1≤k,j≤N,k �=j |aT

k · aj | . The sufficient upper bound of

coherence for a solution to be uniquely sparsest is
1

2
(1 + 1

μ(A)
) .

This condition is too strict for most dictionaries. For block size 4, 8,
16, 32, 64 and the triangular R1, the range of this parameter is 0.61
to 0.75 and the same for block size 4, 8, 16 and the trapezoidal R1

is 0.25 to 0.29.
The dictionaries generated by partitioning the DCT bases are not
thoroughly redundant. In fact, most dependencies are with N (x)
neighborhood. For these cases, only one of the horizontal or ver-
tical frequencies changes. Another coherence type parameter is
examined by excluding N (x) for each atoms which is defined as
max1≤k,j≤N,k �=j,k/∈N (j),j /∈N (k) |aT

k · aj |. For the triangular R1,
the range of this parameter is 0.2 to 0.3 and for trapezoidal R1 the
range is 0.21 to 0.25. It can be concluded from these observations
that considering the atoms in N (x) in each iteration of the greedy
algorithm instead of the chosen one might lead to a more efficient
x. Otherwise this is expected to lead to a near-optimum global
approximation. The other impact is, if x is selected, N (x) is likely
to be trivial, because the impact of N (x) on the signal is expected
to be mostly approximated by x.

2.2. Orthogonal Matching-Pursuit

A family of greedy algorithms is known as Matching Pursuit (MP)
in the context of signal processing. The set {ai} in Hilbert Space
H spans a dense vector space, which means {ai} is complete for
any signal s ∈ H. The MP algorithms start with the inner products
between {ai} and the signal. MP picks up the best matched vector in
each iteration to add to the solution set and updates the rest of inner
products by subtracting the influence of the chosen vector in each
iteration. This ensures orthogonal approximation in each step, but it
does not with respect to the space spanned by all the chosen vectors.
Orthogonal Matching Pursuit is a modified version where the chosen
vector is the best orthogonal approximation to the space spanned
by all the chosen vectors until last iteration. The solution in each
iteration is also the least-square solution between the signal and the
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chosen set of vectors. Both algorithms generate the same solution for
orthonormal dictionary. However, for a more correlated dictionary,
OMP performs significantly better than MP. OMP and MP has been
implemented as a pilot experiment and OMP outperformed MP with
a significant margin. Therefore only OMP is further explored and
reported on in this paper.

2.3. Block Extension

The sparse solution x is used to find the most suitable signal in re-
gion R2 to extend the non-rectangular block. The solution Ax is
mapped to 2D to generate the approximation S̃R1 ≈ SR1 . x is
rescaled with the inverse of �2 norm for 2-D bases in the R1 region
and generates xr . The mapping of the R2 regions of the bases into a
1-D matrix is Â. The extension vector is

sR2 = Âxr. (2)

sR2 is mapped to 2-D to generate the new extension matrix, SR2 ,
where the coefficients in R1 region are zero. The extended rectan-
gular signal thereby becomes Se = SR1 + SR2 . This can directly
be transformed using the regular block transformation.
It has to be noted that sparse solution of the over-complete repre-
sentation might not generate �2 sparse transform coefficients for the
extended block. This depends on the energy distribution of basis
vectors in the R2 region. Higher variance would indicate a possibil-
ity of other sparse solutions to be more optimum in the �2 sense than
the chosen one. The observed variance is in the range of σ2 = 10−4

for most cases, whereas for square block of length 4 and trapezoidal
blocks, it is in the σ2 = 10−3 range. This indicates the effect might
be non-trivial for the latter cases but in general it is expected not to
have much impact on the solution.

2.4. QP-dependent stopping criterion

Another aspect to be considered is the quantization noise in the
approximation S̃R1 ≈ SR1 . The sparse approximation could be
stopped when other approximated coefficients are bound to be quan-
tized to zero. This is not straightforward as OMP finds the least
square solution, which changes the coefficient set in each iteration.
Besides, the OMP solution set is used to find the extension and an
imperfect approximation would lead to boundary effects. The cost
function J = D + λR with Lagrangian parameter λ = 2

QP−12
3

is used to make a decision about x corresponding to iteration. The
cost of the quantized transformed coefficients of the extended signal
in each iteration is calculated and the x belonging to the iteration
with least cost for individual block is chosen. The rate R for this op-
timization is estimated using the length of the binary representation
of quantized coefficients. Distortion D is the mean squared error
between the reconstructed signal and the original signal inside the
region of interest.
The iteration number of OMP is always less than the number of
pixels inside the R1 which is the number of linearly independent
vectors.

3. EXPERIMENTAL RESULTS

The results for the described algorithm is compared to SADCT for
original data and residual generated from the video sequences Race
Horses (RH), BQMall (BM), PartyScene (PS), BasketBallDrill
(BD) of resolution 832× 480. The correlated dataset consists of the

(a) Correlated Data (b) Decorrelated Data

Fig. 2. Triangular R1, Block Length = 8× 8, RH

Block Sequence Correlated Data Residual Data

Length lQP mQP hQP lQP mQP hQP

4 × 4

RH -1.44 -1.89 3.57 8.66 0.78 -10.00
BM -1.87 -2.19 2.50 8.63 0.54 -9.96
PS 1.64 -2.87 -1.30 10.88 4.46 -5.66
BD -1.13 -0.89 5.92 6.54 -2.98 -13.75

Average -0.70 -1.96 2.67 8.68 0.70 -9.84

8 × 8

RH -7.19 -11.70 -10.66 3.35 -4.87 -14.08
BM -7.29 -11.97 -10.59 3.91 -7.20 -18.99
PS -0.96 -9.61 -14.03 7.04 -0.83 -10.75
BD -7.73 -12.44 -7.33 3.64 -7.94 -18.48

Average -5.79 -11.43 -10.65 4.49 -5.21 -15.58

16 × 16

RH -11.55 -19.50 -23.60 -6.46 -16.73 -23.56
BM -10.69 -19.47 -22.84 -1.52 -20.32 -39.48
PS -1.85 -13.96 -23.94 1.69 -11.86 -24.35
BD -13.79 -22.48 -22.22 -0.87 -14.34 -23.58

Average -9.47 -18.85 -23.15 -1.79 -15.81 -27.74

32 × 32

RH -13.01 -24.20 -31.54 -16.92 -28.64 -30.16
BM -10.22 -22.70 -29.06 -11.46 -37.17 -55.45
PS 0.23 -16.10 -29.80 -2.68 -22.49 -37.73
BD -17.81 -29.63 -33.07 -4.31 -19.57 -29.62

Average -10.20 -23.16 -30.87 -8.84 -26.97 -38.24

Table 1. BD-rate between extension algorithm and SADCT

first 5 frames of the video partitioned into square blocks of length
4, 8, 16 and 32. Triangular and trapezoidal R1 of these blocks are
used. The residuals of first 65 frames of these sequences, gener-
ated from VTM 3.2 [22] using the Random Access Configuration
[23] at QP=22 are used to construct the decorrelated dataset. The
residuals of intra coded blocks are grouped by prediction block size
and triangular and trapezoidal R1 are extracted from these blocks to
mimic residuals in GMP Mode. SADCT [6] is implemented with
mean scaled by 1√

MN
for M × N blocks. The estimated total rate

is calculated by the total amount of information to be sent following
the concept of entropy, as both algorithms sent different number of
coefficients. The PSNR is calculated only in the R1 region. The
range of QP = 12,..,51 is used to generate the RD curves. Figure 2
shows RD curves for the RH dataset, 8 × 8 and triangular R1 as a
representative example. Table 1 shows the Bjøntegaard Delta (BD)
rate measurements between the extension algorithm and SADCT for
three QP regions (lQP: QP = 12-31, mQP: QP = 22-41, hQP: QP
= 32-51). BD-rate is calculated using piecewise cubic interpolation
[24, 25].

Table 1 shows that the behavior is consistent for all datasets ex-
cept PS. The experimental results show that the extension algo-
rithm performs better for higher block length, high QP and signif-
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Block
Length

lQP mQP hQP

Correlated Data
4 × 4 -5.26 -5.87 -1.74
8 × 8 -8.88 -12.38 -11.93

16×16 -10.29 -15.21 -18.13
Decorrelated Data
4 × 4 3.18 -2.63 -10.56
8 × 8 -1.39 -6.66 -13.26

16×16 -6.63 -12.58 -16.96

(a)

Block
Length

QP=12 QP=25 QP=40

Correlated Data
4 × 4 7.72 6.16 2.49
8 × 8 15.27 13.03 9.24

16×16 18.84 18.60 15.38
Decorrelated Data
4 × 4 -5.13 9.30 10.08
8 × 8 14.69 16.08 12.21

16×16 19.66 20.27 7.92

(b)

Table 2. (a): BD-rate for trapezoidal R1, RH dataset, (b): Number
of non-zero coefficients reduction in % for triangular R1, RH dataset
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Fig. 3. (a) Histogram for QP=12, block size 8×8, triangular R1 RH
residual dataset, (b) Expected neighborhood

icantly for high correlation. The frequency spreading due to non-
optimum grouped coefficients for SADCT, as explained in [6], is
significant for high block length due to presence of more varying
lengths. Whereas for the extension algorithm, the dictionary behav-
ior for higher block length is more favorable to obtain a sparse so-
lution and also the mean energy of the extension region is higher.
This could explain the influence of block length. Regular DCT is
an efficient transformation for highly correlated data; therefore the
dictionary for OMP is more capable of generating less non-zero co-
efficients; hence the extension algorithm performs better. For the
same QP, the extension algorithm has always higher rate and PSNR
compared to SADCT. Table 2-b shows the percentage of non-zero
coefficients for the RH residual dataset, which is almost always sig-
nificantly lower for extension algorithm than SADCT. Figure 3-a
shows a histogram of quantized transform coefficients of one sce-
nario to represent the general behavior. The extension algorithm has
more distributed coefficients and more than twice the number of ze-
ros. This may explain the high rate. The spreading is due to co-
efficients having higher energy due to high energy compaction and
scaling to represent the full block. This also explains the high PSNR
for all QP and especially for high QP. Even after strong quantiza-
tion, the extension algorithm retains more details than SADCT. The
smallest block size for correlated data is an exception. For strong
quantization, only the DC component is sufficient to explain most of
the blocks for both algorithms which are similar due to scaling mean
in SADCT. The extension algorithm need to sent more zeroes, which
increases the rate even for same PSNR. This could explain this be-
havior.
The average energy distribution over a block for the coefficients of
the extension algorithm is similar to standard DCT, being concen-
trated in the top-left corner. But this distribution is more compact
for SADCT, in spite of higher non-zero coefficients. This can only
mean, that these significant coefficients are more scattered over the
block for the extension algorithm. This behavior might lead to sub-

optimum performance in a video codec implementation using estab-
lished coefficient scanning methods. From the dictionary character-
istics, the non-significant N (x) is expected to occur. While check-
ing the occurrence of this neighborhood, also the N1(x) as shown
in Figure 3 is examined in order to be not strict. The total of their
occurrence for even finest quantization is ten times higher than the
occurrence of any significant coefficient in this neighborhood. It is
observed that in the majority of these cases, N (x) and N1(x) only
contain zeroes. This could be used to modify the entropy coding
while implementing in real world.
Table 2-a shows the BD-rate measurements for trapezoidal R1 on
RH dataset which behaves similar to the triangular case but the per-
formances of the two algorithms are closer. This is because for larger
blocks, both algorithms perform closer to regular DCT.

One disadvantage for the extension method is that the transform co-
efficients for the entire block have to be sent. For the estimated rate
function used in this paper, this does not impact the performance sig-
nificantly. In a real entropy coding stage, this property might have
negative impact on the compression efficiency, and therefore has to
be addressed in the design. One solution could be to change the scan-
ning process according to the neighborhood behavior as explained
earlier. Another solution could be imposing more certainty on the
coefficient positions. This could be achieved by choosing a suffi-
cient sub-dictionary from the over-complete dictionary. This sub-
dictionary needs to be complete and enable a sparse representation
of the signal. The dictionary redundancy increases the possibility to
obtain wrong solution but also helps to achieve high gain due to more
flexibility among the vectors based on the content. An initial experi-
ment was conducted with three kind of sub-dictionaries: 1) Ds1: All
atoms strictly inside R1 region in transformation domain, 2) Ds2:
Union of alternate diagonal lines and positions inside R1 region (re-
dundancy only in high frequency region), 3) Ds3: Union of alternate
diagonal lines and positions inside R2 region (redundancy only in
low frequency region). Here, only the coefficients of these positions
are sent. The result show that Ds1 gains compared to the original
method only for high QPs and correlated data but fails significantly
for the other cases. Ds2 has almost same R-D characteristics as the
original case but sends lower coefficient compared to the original
case. Ds3 performs overall better than Ds1 but the consistent gain
at high QP region is lost. These results confirm that the gain at high
QP region is due to redundancy in low frequency region. This is not
unexpected, as at these operating points, most of the details are lost
and only low frequency components of the signal are retained. Ds2

seems to be a plausible approach, but more thorough research is to
be conducted before this could be implemented.

4. SUMMARY AND CONCLUSION

An alternate transform coding method for non-rectangular signal by
finding a proper extension is presented in this paper. The experi-
mental results reveal very good performance for most of the cases
on correlated data. For residual data, this method gains significantly
for larger block size, more pixels in the non-rectangular block and
coarser quantization. The limiting cases for this method appear to be
small blocks, finer quantization, and incomplete or highly redundant
dictionaries. Based on the overall results, the method appears to be
a suitable approach for enabling residual coding of non-rectangular
blocks using established block-based transforms. Future work in-
cludes dictionary optimization, the development of adapted entropy
coding, and integration and exploration in the context of VVC test
model.
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