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ABSTRACT

Image analysis tasks such as 3D reconstruction from endo-
scopic images require compensation of geometric distortions
introduced by the lens system. Appropriate camera calibra-
tion is thus necessary. Commonly used calibration algorithms
rely on the well-known pinhole camera model, extended by
parametric terms for radial distortions. In this paper, we de-
monstrate that these models are not appropriate if very strong
distortions occur as is the case for endoscopic fish-eye lenses.
As an alternative, we analyze a generic calibration algorithm
published recently by Kannala and Brandt, which is based
on more general projection equations. We show qualitatively
and quantitatively that this algorithm is well suited to deal
with significant distortions especially in the image’s rim re-
gions. Furthermore, we demonstrate how images of a colon
phantom that were corrected in such a manner can be used to
obtain a 3D reconstruction.

Index Terms— biomedical image processing, camera cal-
ibration, endoscopy, fish-eye lens, 3D reconstruction

1. INTRODUCTION

Cancer of the colon is the fourth most common type of cancer
and the second leading cause of cancer death in the United
States of America. More than 135,000 new cases are diag-
nosed and over 56,000 people die from colorectal cancer each
year.

Endoscopy is a widely used technique in preventive med-
ical checkup and therapy of colorectal cancer. Often, suspect
polyps can be visually classified as being benign or malig-
nant using features like texture [1] and vascularization [2]. If
the cancer is already widely spread and a simple polypectomy
is not possible anymore, part of the colon must be removed.
During surgery planning, it is beneficial to know the exact po-
sition of the cancerous area in the patient’s colon. One way
to provide this information is to build up a three-dimensional
(3D) model of the patient’s colon, which can support naviga-
tion during the intervention.

Strong geometric distortions caused by fish-eye lenses,
however, hamper 3D reconstruction because 3D reconstruc-

tion from consecutive endoscopic images is very sensitive to
geometric distortions as it strongly relies on epipolar geome-
try and triangulation [3, 4].

Many camera calibration algorithms [5, 6, 7] — also used
in endoscopy [8, 9] — are based on the classical pinhole cam-
era model, which describes distortion free image formation
using the intercept theorems. To compensate for radial and
tangential lens distortion, the model is extended [10, 11, 12]
with appropriate parametric correction terms. This model is
well suited for image formation in case of narrow angle or
even wide angle lenses, but not in case of fish-eye lenses,
which are frequently used in endoscopy. As an example,
we demonstrate that calibration with Bouguet’s algorithm [7]
provides sufficiently accurate results only in the central image
region, but not at the image’s rim where geometric fish-eye
distortion is strongest. For 3D reconstruction, the data inthe
image’s rim regions can therefore not be used, thus narrowing
the effective field of view.

We analyze a new calibration algorithm published recently
by Kannala and Brandt [13], which is based on more general
projection equations. We show quantitatively as well as qual-
itatively that this algorithm provides accurate results interms
of mean reprojection error and stability even in the image’s
rim regions. Finally, we show the reconstruction of a phan-
tom obtained from complete endoscopic images, which were
geometrically compensated using this calibration.

2. IMAGE FORMATION

Geometric image formation consists of two steps: The first
step is a mapping of object coordinates given in the world
coordinate system to the camera coordinate system using the
extrinsic camera parameters. This step is identical for Kan-
nala’s and Bouguet’s approaches. In the second step, where
both approaches differ, object points in camera coordinates
are mapped to image coordinates.



2.1. Mapping World Coordinates to Camera Coordinates

The transformation from the world coordinate system (de-
noted by subscript w) to the camera coordinate system (de-
noted by subscript c) can be described as a rotation and trans-
lation as both coordinate systems are orthogonal and equally
scaled. This transform can be written in homogeneous coor-
dinates as
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whereR is a3×3 rotation matrix and~t is a translation vector.

2.2. Mapping Camera Coordinates to Image Coordinates

The pinhole camera model describes the radial part by

r(θ) = f tan θ (2)

wherer is the distance from the principal point,f is the focal
length andθ is the angle between the incoming ray and the
optical axis. One reason for the limited accuracy of the pin-
hole model is that Eq. (2) diverges atθ = π/2. Empirically,
fish-eye lenses obey one of the following equations [13],

r(θ) = 2f tan(θ/2) r(θ) = 2f sin(θ/2)
r(θ) = fθ r(θ) = f sin(θ)

(3)

which are known as the stereographic, equidistance, equi-
solid angle and orthogonal projection equations, respectively.
Rather than restricting the approach to one of the equationsin
(3), Kannala remains generic through expandingr in a Taylor
series describing all of the projections above — including the
pinhole model — as follows:

r(θ) = κ1θ + κ2θ
3 + κ3θ

5 + κ4θ
7 + ... (4)

where theκi are to be estimated by the calibration procedure.
Thus, the pinhole model is merely a special case of Kannala’s
model.

3. 3D RECONSTRUCTION

In order to reconstruct the 3D position of the image points,
it is necessary to estimate the relative camera movement and
orientation between two image frames. Therefore, we esti-
mate the fundamental matrix, which encodes this information
among others. After that, we obtain each point’s 3D position
using triangulation.

3.1. Estimation of the Fundamental Matrix

As a first step to estimate the fundamental matrix, we need
to find at least eight point correspondences between the two
images. We obtain these correspondences using Lowe’s scale
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Fig. 1. Triangulation to recover 3D coordinates. Due to inac-
curacies, the two rays do not intersect.

invariant feature transform (SIFT) [14]. SIFT usually yields a
large number of correspondences containing only few wrong
correspondences.

We use Hartley’s normalized eight point algorithm [15] to
compute a first estimate of the fundamental matrixF . Due to
the epipolar geometry, the following condition holds for each
point correspondence (~ui,~u′

i
)

~uT

i
F~u′

i
= 0. (5)

Rewriting equation (5) as scalar product and using many point
correspondences one can build up a system of linear equations

U ~F = ~0 (6)

where each line of the matrixU consists of a combination of
the coordinates of corresponding points~ui and~u′

i
. ~F con-

sists of the elements ofF . As solving this equation directly,
using singular value decomposition, is numerically unstable,
Hartley’s proposition to first normalize the coordinates ofthe
point correspondences leads to better results.

Wrong correspondences are removed using random sam-
ple consensus (RANSAC) [16]. Adapting RANSAC to our
problem leads to the following steps:

1. Randomly select eight point correspondences and esti-
mate the fundamental matrix.

2. Calculate for remaining point correspondences their dis-
tances from the epipolar lines. Point correspondences
with sufficiently small distances are called inliers. The
remaining point correspondences are called outliers.

3. If the number of inliers is sufficiently large remove all
outliers from the set of point correspondences and start
again at 1. Otherwise, do not remove the outliers and
start again at 1.

4. Repeat until the set of point correspondences converges
or a maximum number of iterations is reached.

Finally, use all remaining point correspondences to estimate
the fundamental matrix. The relative translation and orienta-
tion can now be easily computed [3].



(a) (b)

Fig. 2. (a) Distorted calibration image as captured with an en-
doscope with fish-eye lens. (b) Result of geometric correction
using Kannala’s model.

3.2. Triangulation

Once the orientation of the two cameras with respect to each
other is known, it is straightforward to reconstruct the 3D co-
ordinates of those points which can be observed in both im-
ages. However, remaining inaccuracies in the determination
of point correspondences and of the position and orientation
of the two camera frames will have the result that the two rays
do not intersect with each other. In that case, we assumed the
real position of the object to lie at the location which mini-
mizes the sum of the squared distances to the two rays.

Fig. 1 depicts the geometry of the two camera coordinate
systems and illustrates the described problem.

4. EXPERIMENTS

We acquired 23 images of a calibration chessboard with an
Olympus ”CF H-180 AL” state of the art HDTV video en-
doscope. Initial guesses of the positions of the chessboard
corners were provided and refined to subpixel accuracy using
Harris’ corner detector [17]. The camera parameters for both
camera models were estimated using Bouguet’s and Kannala’s
reference implementations of their respective calibration pro-
cedures.

For 3D reconstruction, we designed a colon phantom [4].
The phantom consisted of a tube with a colored chessboard
pattern on the inside, which made it possible to identify the
absolute position of each corner unambiguously. We inserted
the endoscope into the phantom and acquired a video sequence,
from which two images were selected as input for the 3D re-
construction.

5. RESULTS

One of the calibration images without any corrections is shown
in Fig. 2a. The result of geometric correction based on the
model by Kannala and Brandt is depicted in Fig. 2b, where

(a) (b)

Fig. 3. Comparison of the reprojection error of Bouguet’s
(dashed line) and Kannala’s (solid line) calibration procedure.
(a) Mean reprojection errors. (b) Respective standard devia-
tions.

evidently only minor distortions remain. Note that the chess-
board pattern is now clearly recognizable also at the chess-
bord border although these image parts are hardly visible in
the distorted original. The black regions in the corrected im-
age plane correspond to regions outside of the source image,
where no information is available. Fig. 3a gives a quantitative
comparison of the reprojection errors of Bouguet’s (dashed
line) and Kannala’s (solid line) algorithms. The errors of
the approach by Kannala and Brandt increase only slightly
towards the image border, while the errors of the standard
model increase sharply up to 8 pixels. The standard deviation
shown in Fig. 3b is also lower in case of Kannala’s approach.

Fig. 4 gives an example of the complete processing of our
colon phantom. Fig. 4a shows the result of geometric distor-
tion correction based on Kannala and Brandt’s model. Fig. 4b
provides an impression of the reconstructed phantom, which
was generated as described above. Note that the phantom it-
self is not perfectly circular as can be seen on the right hand
side of Fig. 4b.

6. DISCUSSION

We have analyzed image formation, camera calibration and
distortion correction based on the pinhole model extended
by distortion parameters and based on the recently published
generic model of Kannala and Brandt. Both camera mod-
els were calibrated with images obtained from a state of the
art HDTV endoscope using the same point correspondences.
The reprojection error as well as its respective standard devia-
tion of Kannala’s model were consistently lower than the ones
achieved with Bouguet’s calibration algorithm. The differ-
ence between both models is especially significant at the im-
age’s rim regions, where the pinhole-model based algorithm
fails, whereas the generic one provides results sufficiently ac-
curate for 3D reconstruction even from data near the image
borders. One such reconstruction example - obtained from a
colon phantom - was also shown.
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Fig. 4. Example of distortion correction of our colon phantom
using Kannala’s algorithm (a) and subsequent 3D reconstruc-
tion (b).
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