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Abstract. High Angular Resolution Diffusion Imaging (HARDI) im-
proved many neurosurgical areas due to its ability to represent complex
intra-voxel structures, but is limited for clinical use mainly due to long
acquisition times, but also due to noise.
To transcend these limits, our work addresses these problems by combin-
ing a state-of-the-art multi diffusion tensor model enhanced with spheri-
cal ridgelets. Spherical ridgelets are able to reconstruct a signal based on
a limited number of measured directions by utilizing compressed sensing.
This concept shows that combining spherical ridgelets with a multi diffu-
sion tensor model can improve the accuracy in case of low signal-to-noise
ratios and makes it possible to use less than 15 directional measurements
per voxel.

1 Introduction

High Angular Resolution Diffusion Imaging (HARDI) is able to characterize
complex intra-voxel structures such as crossing fibers. Various multi diffusion
models (MDM) for HARDI reconstruction have been proposed [1,2,3]. Addition-
ally, Schultz et al. [2] presented a novel approach that fits the commonly used
Ball-and-Stick (BS) MDM via spherical deconvolution [2] to the signal. This al-
lows to combine the highly accurate BS model with the computationally efficient
spherical deconvolution.

As a downside, all current MDM methods require the measurement of a
multitude of diffusion directions per voxel for maximum accuracy. This results
in an increased scan duration and thereby reduces the applicability of these
approaches in clinical scenarios.

To address this issue, we evaluate a combination of methods that fit the BS
model to previously refined directions using spherical ridgelets (SR) [4]. SR are
able to recover the original signal with fewer measured directions and a lower
SNR by applying methods of compressed sensing [5].

2 Material and Methods

2.1 Data

The presented methods have been developed and tested on synthetic diffusion
weighted MRI data.
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Data generation was performed using a multi diffusion tensor model which
combines two diffusion tensors, with non-zero real diffusion estimated eigenval-
ues. Random eigenvectors and volume fractions were generated uniformly. This
generation progress was repeated with random fiber sets for 10 to 50 equidis-
tantly sampled directions [6] and a b-value of b = 3000 s

mm2 . Additional Rician
noise with SNR0 = [3, 30] was added in a subsequent step. For each combination
of parameters we simulated 500 random two-fiber voxels with an fix inter-fiber
angle of 90 degrees.

2.2 Multi-Tensor-Fitting with Spherical Ridgelets

Our new approach combines two state-of-the-art algorithms and can be divided
into five different processing steps (Fig. 1). In the first part (Block A), the
SR, which incorporate a-priori knowledge of occurring signal shapes, are used
to reconstruct the signal. This allows to reduce noise and to reconstruct a good
signal quality even in case of a limited number of directional measurements [4].
In a next step, the newly interpolated signal is resampled with 312 equidistant
directions.

In the following four steps (Block B) we apply the multi-diffusion-tensor
approach to the new re-sampled signal. In this way, it is possible to investigate
the actual refinement of SR. Both processing blocks will be explained in the
following sections.

Spherical Ridgelets: A proven method to comprehensively represent a mea-
sured signal is to reconstruct it via SR [4]. As a prerequirement, the signal is
assumed to be representable by a linear combination of basis functions

S(u) =
∑

j∈J

cj · ψj(u) , (1)

where cj define the SR coefficients, J contains all indices of possible basis func-
tions ψj , and u defines the direction vector. Considering the fact that the set
of all basis functions has to be finite, it is fixed to M basis functions ψj . The

set of M basis functions {ψj}
M

i=0
is chosen in such a way that all possible shape

variations of orientation distribution functions (ODF) can be represented as far
as possible [3]. For N measured directions, M basis functions ψj are considered
and stored in a N × M matrix A. To calculate the SR coefficients c

A · c = y + e (2)

is solved, where y := [S(u1), S(u2), ..., S(uN )] is a vector of all signal values
and e is an error vector that contains all measurement and model errors [4].
The applicability of compressed sensing follows from the assumption that the
signal is sparsely representable by a set {ψj}

M

j=0
of basis functions ψj which are

incoherent to the diffusion sampling bases [5]. Assuming η ≤ ||e||2, c satisfies
||Ac − y||2 ≤ η. The compressed SR coefficients c∗ are found as

c∗ = argmin ||c||1 subject to ||Ac− y||2 ≤ η , (3)
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Fig. 1. Combination of Spherical Ridgelets and the Multi-Diffusion-Model.

which represents a convex optimization problem that is solved using Orthogonal
Marching Pursuit [3].

Multi-Diffusion-Tensor Fitting: For voxels containing multiple fibers, the
associated signal is split into k single diffusion tensors Di with eigenvalues λ1 ≥
λ2 ≥ λ3 ≥ 0. Now, every single signal S(g) can be described as

S(g) = S0 ·

k∑

i=1

fie
b·gT Dig , (4)

where S0 is the B0 weighted signal, fi the compartment specific fraction, b the
diffusion weighting and g the gradient direction.

Schultz et al. [2] proposed an algorithm that is based on this multi diffusion
decomposition and can be divided into three steps (Fig. 1, Block B):

In the first step, the ODF F (θ′, Φ′) is reconstructed using spherical deconvo-
lution based on

Ŝ(θ, Φ) =

∫
2π

0

∫ π

0

F (θ′, Φ′)R(γ′) sin(θ′) dθ′ dΦ′, (5)

where R(γ) defines an axially symmetric single-fiber response function, γ the

angle between (θ, Φ) and (θ′, Φ′) and Ŝ(θ, Φ) the diffusion signal [7,8].
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In a second step, the ODF is discretized using a nonlinear optimization based
on 4th-order spherical harmonics, thereby increasing peak sharpness and reduc-
ing signal noise [9].

The Ball-and-Stick model is applied in the final step, which requires at least
one diffusion tensor to be isotropic (λ1 = λ2 = λ3), while the remaining tensors
are linear (λ2 = λ3 = 0). The assumption that there are n fiber terms implies
that there will be at least k = n + 1 single diffusion tensors. In our case, n is
fixed to 2.

To estimate the actual fiber directions, Schultz et al. substituted R(γ) in
Equation 5 by adding S0fisoe

−bd outside the integral [2]. After that a spher-
ical harmonic reconstruction is fit to the residual of the signal from which a
predicted isotropic part S0fisoe

−bd is subtracted [2]; the coefficients are then
divided by the nth-order specific rotational harmonic Rn which were derived
analytically [2]. Non-linear optimization is then used to compute the result-
ing approximated discrete ODF which considers only 15 harmonic coefficients,
instead of all measured signal values. Finally, the n maximal peaks of the re-
sulting ODF are refined using the the Levenberg-Marquardt algorithm [10] to to
estimate n fiber directions.

3 Results

The angular error of the regular BS model is compared to the angular error of
our proposed advanced approach, i.e. BS model after SR refinement (SR+BS).
Possible angular error values range from 0 to 90 degrees with 0 being the optimal
and 90 being the worst possible result. Figures 2 and 3 show the simulation
results for SNRs of 3 and 30, averaged across 500 samples.

It should be noted that the BS model requires at least 15 directional measure-
ments in order to provide a reasonable estimate of intra-voxel fiber directions.
Considering Figure 2, it can be seen that for a SNR of 3 the reconstruction with
SR + BS results in a lower angular error than reconstruction based on the regu-
lar BS model, with a minimal angle error of 24.20 degrees at 50 directions, while
the BS model performs worse with a minimal angle error of 22.91 degrees at 50
directions. For a SNR of 30, the BS model outperforms the SR+BS model. In
this case, the SR+BS model achieves a minimal angle error of 2.97 degrees at
50 directions, while the regular BS model is able to reconstruct the signal with
an angle error of 1.90 degrees at 50 directions (Fig. 2).

The results for the second simulated fiber direction show the same trends as
for the first fiber direction, but with a higher absolute angle error.

4 Discussion

The comparison shows that the BS model can be improved with SR refinement
for low SNR (Fig. 2). Also, in case of less than 15 directional measurements,
SR refinement makes it possible to obtain reasonable results (Fig. [2,3]). On the
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Fig. 2. Angular error for reconstructing the first fiber with a SNR= [3,30] and
b=3000 s

mm2 , averaged across 500 samples. The dashed line represents the BS model,
the solid line shows the SR+BS model.
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Fig. 3. Angular error for reconstructing the second fiber with a SNR= [3,30] and
b=3000 s

mm2 , averaged across 500 samples. The dashed line represents the BS model,
the solid line shows the SR+BS model.

other hand, the BS model outperforms the reconstruction with SR+BS for high
SNR.

Overall, we can state that the SR reconstruction is more robust to noise, but
offers decreased accuracy for high SNR values. Therefore, the SR+BS model is
only suitable if there are less than 15 directional measurements available or if
the measurements exhibit very low SNR.
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